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We study the normal state and pairing instability in eletron-doped uprates near optimal doping.
We show that the fermioni self-energy has a non-Fermi liquid form leading to peuliar frequeny
dependenies of the ondutivity and the Raman response. We solve the pairing problem and
demonstrate that Tc is determined by the urvature of the Fermi surfae, and the pairing gap∆(k, ω)
is strongly non-monotoni along the Fermi surfae. The normal state frequeny dependenies, the
value of Tc ∼ 10K and the k−dependene of the gap agree with the experiment.
PACS: 74.25.-q, 74.20.Mn
Physis of high-temperature superondutors ontin-
ues to attrat onsiderable attention. The past researh
primarily foused on hole-doped uprates, where a om-
plex phase diagram was found with antiferromagneti
and superonduting phases separated by a pseudogap
region, and where the normal (non-pseudogap) phase dis-
plays a prominent non-Fermi-liquid behavior.
Reently there has been a surge of interest in eletron-
doped uprates, Nd2−xCexCuO4 and Pr2−xCexCuO4.
Their phase diagram [1℄ has a wider region of anti-
ferromagnetism (AFM); superonduting Tc(x) forms a
dome above the antiferromagneti quantum-ritial point
(QCP) [2℄, muh like in heavy fermion materials [3℄; and
reported pseudogap behavior [4℄ traks the Neel tempera-
ture, and so is likely just a property of a quasi-2D antifer-
romagnet [5, 6℄. Optial data show [7℄ the sharp harge-
transfer gap near 2eV at small x melting away near the
optimal doping x ∼ 0.15, where the superondutivity
appears. We infer from these data and the experimental
phase diagram that near optimal doping the Mott physis
is not ruial, and the system behavior an be grasped
by onsidering only low-energy eletrons that interat via
olletive bosons [8℄. Eletron-boson models have been
previously applied to hole-doped uprates [9, 10℄, where
Mott physis is more pronouned. They must there-
fore be tested on eletron-doped materials. In partiular,
they should explain a muh smaller Tc in eletron-doped
uprates despite almost the same strength of the Hub-
bard interation as in hole-dopes materials [11℄.
Connement of the superondutivity to the viinity of
an antiferromagneti QCP implies that the most likely
andidates for the pairing bosons are the spin utua-
tions with momenta near the antiferromagneti vetor
Q = (π, π). RPA studies suggest [12℄ that AFM appears
lose to the doping when 2kF oinides with Q, i.e. when
the Fermi surfae (FS) touhes the boundary of the AFM
Brillouin zone at kF = (π/2, π/2) (see Fig. 1). Near this
point the free-fermion stati suseptibility χ(Q) rapidly
inreases, leading to the Stoner instability.
Below we set Q = 2kF and onsider a spin-utuation
model for the 2kF instability that involves fermions near
kF and their olletive spin utuations near Q. Suh a
model qualitatively diers from the spin-fermion model
for hole-doped uprates [10℄, where relevant fermioni
states (hot spots) are loated far from the zone diago-
nals. In that ase, the spin-utuation exhange led to
the dx2−y2 -wave pairing [9℄ with the gap maxima at the
hot spots [10℄. When the dominant interation is between
the nodal fermions, it is a priori unlear to what degree
the dx2−y2-wave pairing survives.
In this paper we address this and other issues for 2kF
instability. We onrm earlier result [13℄ that the inter-
ation with low-energy spin utuations destroys Fermi
liquid behavior for diagonal fermions. We show that
this auses a peuliar behavior of the optial ondu-
tivity σ(ω) ∼ ω−0.64 over a wide frequeny range, and
a nearly frequeny-independent Raman response in the
B2g hannel. Both of the results agree with the experi-
ment [14, 15℄. We then use the normal state results as an
input and onsider for the rst time the spin-mediated
pairing near 2kF instability. We demonstrate that Tc is
nite at the QCP and the pairing is dominated by non
Fermi-liquid fermions. We show that the pairing prob-
lem is very peuliar as now the urvature of the fermioni
dispersion plays a major role. We found Tc ∼ 10K for
the same parameters as for hole-doped materials. We
also found non-monotoni variation of the d−wave gap
∆(k, ω) along the FS (see Fig.4). Non-monotoni vari-
ation of the gap agrees with the numerial studies [16℄
and with the earlier BCS-type study [17℄, but our so-
lution is very dierent from the BCS one. The non-
monotoni d−wave gap has been deteted experimentally
at smaller x and has been traed to the loation of the
hot spots [18, 19℄. Our results show that near a mag-
neti QCP, the positions of the gap maxima deviate from
the hot spots, and remain xed even when the hot spots
merge and then disappear.
We now provide the details of the alulations. A spin
fermion model desribes low-energy fermions ck interat-
ing with their olletive bosoni utuations in the spin
hannel Sq: Hint = g
∑
k,q ck+q,ασαβckβSq (for internal
onsisteny of the model it is required that g . EF [10℄).
The spin subsystem is desribed by the stati spin susep-
tibility whih, as before, we assume to have the Ornstein-
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Figure 1: Left: Fermi surfae at the antiferromagneti QCP
with 2kF = (pi, pi). Diamond-shaped dashed lines bound the
magneti Brillouin zone. The diagonal points of the FS (nodal
points of the dx2−y2-wave gap) now beome hot. Right:
Graphi explanation of the attration in the dx2−y2 han-
nel: parts of the Fermi surfae on the same side of the zone
diagonals are on average loser to the Q separation than the
parts on the opposite sides, leading to attration in the dx2−y2
hannel (plus and minus are the signs of the dx2−y2 gap).
Zernike form χ0(q) = χ0/[ξ
−2 + (q −Q)2]. Interating
fermions are loated near kF and kF +Q, and have al-
most antiparallel veloities:
ǫk ≈ vF∆kx+β
2∆k2y , ǫk+Q ≈ −vF∆kx+β
2∆k2y, (1)
where ∆k = k − kF . Fator β aounts for the ur-
vature of the Fermi line. The strategy is to solve self-
onsistently for the normal state bosoni Π(q,Ω) and
fermioni Σ(k, ω) self-energies, and then use the full nor-
mal state propagators as input for the pairing prob-
lem. We dene the fermioni propagator as G(k, ω)−1 =
i(ω+Σ(k, ω))− ǫk and bosoni as χ(q, ω)
−1 = χ−10 (q)+
2[Π(q, ω) + Π(2Q− q, ω)].
Normal state Fermioni and bosoni self-energies in
the normal state have been obtained by Altshuler et
al. [13℄ within Eliashberg theory, and we just quote their
result: at the 2kF antiferromagneti QCP and k = kF
along the diagonal,
Π(Q,Ω) =
g¯
2πvFβ
√
|Ω|, Σ(kF , ω) = ω
1/4
0 |ω|
3/4, (2)
where g¯ = g2χ0, and ω0 = (g¯β/πNvF )
2
. Both
self-energies dier from the ase when the hot spots
are far from zone diagonals. E.g., Π(q,Ω) sales as
|Ω|1/2 instead of the onventional Landau damping form
Π(q,Ω) ∝ |Ω|. This is a onsequene of antiparallel ve-
loities at kF and kF + Q (observe that the damping
rate Π(q,Ω) ∝ 1/β does not diverge only beause the
urvature β 6= 0). Eq. 2 is stritly speaking valid for
ω > ω0. For ω < ω0 expressions for the self-energies
are more involved [13℄, and one has to sum up series of
logarithms to obtain the proper exponents. Altshuler et
al. found Σ(ω) ∼ ωα0 ω
1−α
, where α ∼ 0.14. We on-
rmed their result. This low-frequeny behavior, how-
ever, is less important for pratial purposes, sine we
found that ω0 ∼ 10meV is quite small [20℄. Relevant
physis, inluding the pairing, then mostly omes from
frequenies ω > ω0, where Eqs. (2) are valid.
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Figure 2: Normal state ondutivity as a funtion of frequeny
shows a saling behavior for ω0 < ω < 40ω0. Left: |σ(ω)|, the
behavior is indistinguishable from the σ(ω) ∼ ω−0.64 depen-
dene. Right: arctanℑσ(ω)/ℜσ(ω), an almost onstant value
means that both ℑσ(ω) and ℜσ(ω) sale as ω−0.64.
For the FS momenta away from the diagonal (ky 6= 0,
see Fig. 1), the non-Fermi liquid form of the self-energy
(2) survives up to ky,max ∼ ω
1/4
, and rosses over to the
Fermi liquid form at larger ky. At the same time, for k
transverse to the FS the self-energy is regular already at
ky = 0: Σ(kx, 0) ∝ kx.
Optial ondutivity We used the result for the self-
energy to ompute omplex ondutivity σ(ω) from the
Kubo formula appropriate when the self-energy mainly
depends on frequeny. We veried that the dominant
ontribution to σ(ω) omes from nodal regions where
Σ(ω) has a non-Fermi-liquid form [21℄. At very small fre-
quenies, ω < ω0, Σ(ω) > ω, and both ℑσ and ℜσ have
the same power-law behavior: σ(ω) ∝ ω−1+2α ∼ ω−0.7.
At larger frequenies, Σ(ω) < ω, and one should not
generally expet ℜσ and ℑσ to sale with eah other.
Surprisingly, the saling behavior extends, with almost
the same power, σ(ω) ∝ ω−0.64 up to ∼ 40ω0 (see
Fig. 2). Suh power-law behavior is not a sign of a
true saling, but rather a onsequene of the fat that
Σ(ω)/ω ∝ (ω0/ω)
1/4
is a slow deaying funtion. The
ω−γ behavior of ondutivity with γ ≈ 0.68 has been ob-
served in Pr1.85Ce0.15CuO4 below 400meV [15℄. Both
the exponent and the experimental frequeny range are
quite onsistent with our results. Note that a very simi-
lar behavior of the ondutivity at intermediate energies
has been earlier observed in hole-doped uprates [22℄.
Raman response We also onsidered the Raman sat-
tering in the B2g hannel. Raman intensity is propor-
tional to the imaginary part of the polarization bubble
weighted with the geometry dependent Raman form fa-
tors γk. In the B2g geometry, γ(k) ∝ sinkx sin ky, suh
that the signal omes primarily from around the diago-
nal diretion. Unlike the urrent vertex for ondutivity,
the Raman vertex is renormalized by the interation even
when Σ(ω) depends only on frequeny. Beause γ(k) is a
salar and doesn't hange sign under k→ k+Q, we an
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Figure 3: Pairing instability temperature Tc in units of
the oupling onstant g vs. the urvature parameter r =
g¯β2/piv2F . Solid line gives the result of the numeri solu-
tion, whih requires inreasingly long omputational time
as r → 0. Dashed line is the analyti small-r form Tc =
0.95g¯r/(1 + 5r2/5)4.
approximate it by a onstant γ(kF ). The renormaliza-
tion of the Raman vertex then oinides with that of the
density vertex, and is related to the self-energy by the
Ward identity: the full γfull(k, ω) = γ(k)(1 + ∂ωΣ(ω)).
Evaluating the Raman bubble and substituting γfull into
it, we then obtain
RB2g (ω) ∼ ky,max(ω) (1 + ∂ωΣ(ω))
2 ω
ω +Σ(ω)
(3)
Substituting the forms of the self-energy and ky,max(ω) ∼
ωα for ω < ω0, ky,max(ω) ∼ ω
1/4
for ω > ω0, we nd that
at T = 0, RB2g (ω) is at: it is a onstant at ω < ω0,
and very slowly rosses over to the (ω/ω0)
−1/4
behav-
ior at ω > ω0. The at form of the Raman intensity at
frequenies ω > ω0 is onsistent with the experimental
data [14℄. The experimental behavior at ω ≤ ω0 is dom-
inated by temperature eets whih we do not onsider.
Pairing instability We now apply normal state results
to study the pairing instability near a magneti QCP. As
we said in the introdution, it is a priori unlear whether
d−wave pairing survives when the hot spots merge, as the
strongest pairing interation involves quasipartiles for
whih the dx2−y2 superonduting gap vanishes. How-
ever, separation between near-nodal fermions with oppo-
site signs of the dx2−y2 gap is on average loser to Q than
that between fermions with the same sign of the gap (see
Fig. 1 b). So the spin-utuation exhange still leads to
attration in the d−wave hannel. Furthermore, as the
gap equation relates ∆(k) near kF and kF + Q, where
both gaps are linear in the deviation from the nodal di-
retion, the gap equation beomes an equation on the
slope of ∆(k) and does not ontain any extra smallness.
The linearized gap equation at QCP is obtained using
Eliashberg tehnique for olletive-mode mediated pair-
ing [10℄. We veried that the dominant ontribution to
the pairing omes from ω > ω0, where Σ(ω) an be ap-
proximated by the ω3/4 form. To single out the role of the
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Figure 4: The pairing vertex Φ(ky , ωn) for r = 0.05 vs
ωn/(2piTc) and ky/q0 (q0 is dened in the text). Observe
that Φ(ky , ωn) is non-monotoni in ky .
urvature, we rewrite ω0 as ω0 = ω1r, where ω1 = g¯/(4π)
aounts solely for the interation, and the dimension-
less r = g¯β2/πv2F ∼ g¯/EF parameterizes the eet
of the urvature. Introduing dimensionless variables
k/q0, ω/ω1, where q0 = g¯/(πvF r
1/4) ∼ kF (g¯/EF )
3/4
,
and assuming that the gap has dx2−y2 symmetry, i.e.,
∆(kF ) = −∆(kF + Q), we obtain an integral equation
for the pairing vertex Φ(ky, ωn) near a single hot spot:
Φ(ky, ωn) =
3
4
T
∑
ωm
r1/4
|ωm|+ r1/4|ωm|3/4
(4)
×
∫
Φ(k′y , ωm)dk
′
y
(ky − k′y)
2 + r3/2(k2y + k
′
y
2)2 +
√
|ωn−m|
.
The momentum dependene in the kernel in (4) omes
from (k − k′)2 after the substitution kx = β
2k2y/vF and
k′x = −β
2k′y
2/vF . The pairing vertex is related to ∆ as
Φ = ∆ω/(ω + Σ(ω)). A dx2−y2-wave solution of (4) is
antisymmetri in ky and symmetri in ω [23℄.
At vanishing r, one an neglet the urvature of the
fermioni dispersion in the gap equation (the r3/2 term
in the denominator in (4)). Without this term, the kernel
in (4) is non-Fredholmian, and its antisymmetri-in-k so-
lution is a monotoni Φ(ky , ωn) = kyΦ(ωn). Substituting
this form into (4), we obtain for Φ(ωn):
Φ(ωn) =
3
4
πT
∑
m 6=n
ω
1/4
0 Φ(ωm)
|ωn−m|1/4
(
|ωm|+ ω
1/4
0 |ωm|
3/4
) .
(5)
Expetedly (sine we negleted the urvature), this equa-
tion is the same as in the Eliashberg theory for the pair-
ing, mediated by a bosoni suseptibility χ(ω) ∝ ω−1/4
[24℄. Numerial solution of (5) gives Tc1 ≈ 6ω0 = 6ω1r,
i.e. Tc ∼ r. We emphasize that the r → 0 limit is not
weak oupling (self-energy annot be negleted) despite
the fator r1/4 in the numerator of (4).
When the urvature of the fermioni dispersion is in-
luded, Eq. (4) beomes Fredholmian, and a numer-
ial solution an be obtained using the Nystrom dis-
retization method [25℄. We found that the eet of
4the urvature on Tc is very strong: above r > 0.001,
the atual Tc rapidly beomes muh smaller than Tc1.
For r ∼ 0.1, Tc ∼ 0.01Tc1. We plotted Tc(r) in Fig.
3. We see that over a wide range 0.01 < r < 0.1,
Tc ∼ 0.006ω1 ≈ 0.0005g¯ forms a plateau and weakly de-
pends on r. Using the same g¯ ∼ 1.6eV as for hole-doped
uprates [26℄, we obtained in this range Tc ∼ 10K. Using
further the previous estimate of ω0 = ω1r ∼ 10meV we
obtain r ∼ 0.08, whih is within the region where Tc is al-
most a onstant. Out Tc ∼ 10K at a magneti QCP is in
agreement with the experiment [1, 5, 14℄. Note that the
experimental Tc inreases in the antiferromagneti phase
up to 20K, and only then drops at smaller dopings.
The huge disrepany between Tc and Tc1 an also be
understood analytially, by expanding Tc in r beyond
the O(r) term. We found that the expansion is rather
non-trivial and holds in frational powers of r2/5: Tc ≈
Tc1/(1+ar
2/5)4. The prefator a > 0 annot be obtained
analytially, but the t to the numerial data gives a ∼ 5.
As (1 + 5r2/5)4 rapidly inreases with r (it is ∼ 80 for
r = 0.1), this explains why Tc is muh smaller than Tc1.
We also found that at nite r the gap is a non-
monotoni funtion of ky: it is linear at small ky, passes
through a maximum at a k0 and then falls o (see Fig.
4). Position of the maximum depends on r and appears
unorrelated with the positions of hot spots, whih at
the QCP are on the zone diagonals. At small r we found
analytially that k0(r) ∼ kF r
3/5 ∼ kF (g¯/EF )
3/5
. As r is
small, k0 < kF and the gap is onned to the viinity of
the zone diagonals.
At deviations from the QCP towards larger dopings,
into a paramagneti phase, Tc dereases and eventually
disappears. The value of k0, however, does not trak the
derease of Tc, i.e., the d−wave gap extends over a nite
momentum range along the FS even in the overdoped ma-
terials. At deviations into the antiferromagneti phase,
the FS evolves into hole and eletron pokets, and the
loations of k0 gradually approah the hot spots.
Our results for Tc and the gap survive even when the
magneti orrelation length ξ remains nite at the doping
where 2kF = Q, i.e., when antiferromagneti QCP is
shifted to lower dopings, when the hot spots are away
from zone diagonals. We found that the modiations of
our results are small as long as Tc > Jξ
−2
where J is the
exhange interation.
Summary We onsidered the normal state proper-
ties and pairing near a 2kF antiferromagneti QCP and
applied the results to eletron-doped uprates at optimal
doping. We found that the breakdown of the Fermi-liquid
desription at QCP leads to peuliar frequeny depen-
denes of the ondutivity and the B2g Raman response.
We found that the superonduting Tc remains nite at
the QCP and is of order 10K for the same spin-fermion
oupling as for hole-doped uprates. The pairing gap at
QCP has dx2−y2 symmetry, but is highly anisotropi and
onned to momenta near the zone diagonals.
We aknowledge useful disussions with G. Blumberg,
R. Greene, D. Drew, C. Homes, A. Millis, M. Norman,
M. M. Qazilbash, and V. Yakovenko. We thank G. Blum-
berg, A. Millis and M. M. Qazilbash for the omments on
the manusript. The researh is supported by Condensed
Matter Theory Center at UMD (P.K, A.C) and by NSF
DMR 0240238 (A.C.).
[1℄ Y Tokura, H. Takagi, S. Uhida , Nature 337, 345 (1989).
[2℄ Y. Dagan et al., Phys. Rev. Lett. 92, 167001 (2004).
[3℄ P. Coleman and C. Pepin, Ata Physia Polonia B 34,
691 (2003).
[4℄ A. Koitzsh et al., Phys. Rev. B 67, 184522 (2003).
[5℄ A. Zimmers et al., Europhys. Lett. 70, 225 (2005).
[6℄ L. Al et al., Nature 422, 698 (2003).
[7℄ Y. Onose et al., Phys. Rev. B 69, 024504 (2004).
[8℄ R.S. Markiewiz, in Intrinsi Multisale Struture and
Dynamis in Complex Eletroni Oxides, ed. by A.R.
Bishop, et al., World Sienti (2003).
[9℄ D.J. Salapino, Phys. Rep. 250, 329 (1995); P. Monthoux
and D. Pines, Phys. Rev. B 47, 6069 (1993).
[10℄ A. Abanov et al., Adv. Phys. 52, 119 (2003).
[11℄ A.J. Millis et al., ond-mat/0411172 (unpublished).
[12℄ F. Onufrieva and P. Pfeuty, Phys. Rev. Lett. 92, 247003
(2004).
[13℄ B.L. Altshuler, L.B. Ioe, A.J. Millis, Phys. Rev. B 52,
5563 (1995). The self-energy at nite temperature has
been obtained by O. Thernyshyov and A.V. Chubukov
(unpublished). The ase of a nested Fermi surfae has
been analyzed by A. Virosztek and J. Ruvalds, Phys.
Rev. B 42, 4064 (1990).
[14℄ M.M. Qazilbash et al., ond-mat/0510098, to be pub-
lished in PRB.
[15℄ C. Homes, unpublished
[16℄ K. Yoshimura and Hirashima, J. Phys. So. Jpn. 74, 712
(2005) and referenes therein.
[17℄ V.A. Khodel et al., Phys. Rev. B 69, 144501 (2004).
[18℄ G. Blumberg et al., Phys. Rev. Lett. 88, 107002 (2002);
ibid. 90, 149702 (2003).
[19℄ H. Matsui et al., Phys. Rev. Lett. 95, 017003 (2005).
[20℄ We used the same parameters as for hole-doped materials
[26℄ g = 0.7eV, χ0 ∼ 3eV (g¯ = g
2χ0 ∼ 1.6eV ), and t − t
′
model that ts the ARPES data for Bi2212 to get vF and
β. Note that an analogous sale in hole-doped materials
is ∼ 250meV [10℄.
[21℄ This is valid at T = 0 and nite frequenies, when short-
iruiting of the ondutivity (R. Hlubina, T.M. Rie,
Phys. Rev. B 51, 9253 (1995)) is not important.
[22℄ D. van der Marel et al., Nature 425, 271 (2003).
[23℄ A symmetri in ky solution of (4) that would orrespond
to a p−wave gap stipulates a dierent overall sign before
the kernel; and an odd-frequeny d−wave solution has
lower Tc than the even-frequeny one.
[24℄ Ar. Abanov et al. (unpublished).
[25℄ W.H. Press et al, Numerial Reipes: The Art of Sien-
ti Computing, New York, 2002.
[26℄ Ar. Abanov et al., Phys. Rev. Lett, 89, 177002 (2002).
[27℄ A.V. Chubukov, M.R. Norman, Phys. Rev. B 70, 174505
(2004).
